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Abstract. We will construct states on the algebra of the Klein-Gordon field that 
minimize the energy density for homogeneous and for inhomogeneous space- 
times. The energy density will be measured by geodesic observers and smeared 
' over a timelike slab of spacetime, containing entirely a Cauchy hypersurface and 

extended in time. We further show that these states are Hadamard states. These 
. constructions generalize the construction of States of Low Energy on Robertson- 

' Walker spacetimes presented by Olbermann 111. 

CO , 1. Introduction 



The algebraic approach to quantum field theory allows for a complete formu- 
lation of the theory in terms of the algebra satisfied by the observables, which 



are a subset of all field operators. This becomes even more powerful in curved 
^ [ spacetime, because then there are, in general, no symmetries and, in particular, 

no time translation symmetry, therefore there is not a well-defined concept of vac- 
uum state. The formulation of the interacting field theory in Globally Hyperbolic 
spacetimes in this framework was already achieved [2, 3 4J. Although states are 
^ I not used to set the foimdations of the theory, those can be obtained by means of the 

'sj" ■ GNS construction, which provides, for each positive functional over the algebra 

I of observables, a representation of this algebra as operators on a Hilbert space, 

spanned by a cyclic vector fSl. States are needed for the evaluation of expectation 
values. 

Although both the physical and mathematical foundations of the concept of 
I state have already been layed down, its determination in explicit cases is not a 

trivial task. Besides, the fact that the fields, solutions to the equations of motion 
(see section ||2j below), are distributions, requires that we analyze the singularity 
structure of the states. The physically sensible concept of state is that of Hadamard 
I states. It has been shown that the expectation value of the energy-momentum 

H ■ tensor on these states, on curved spacetimes, is coherently renormalizable, that 

the singularity structure of these states reduces to the singularity structure of the 
vacuum state, when one analyzes it on Minkowski spacetime, and that quasifre^] 
Hadamard states form a local quasiequivalence class L6jlZlllll2l- 

Parker flOl constructed states for asymptotically flat Robertson-Walker space- 
time, the so called Adiabatic states. These states were intended to minimize the 
production of asymptotically free particles, but this asymptotic freedom was not 
verified, and neither was this construction free of mathematical problems. Later 
on, Liiders and Roberts |11| gave a mathematically well-defined definition of adi- 
abatic states and proved that any two adiabatic states are locally quasiequivalent. 
More recently. Junker and Schrohe |12| have extended this definition for globally 
hjrperbolic spacetimes and showed that, under certain conditions, the adiabatic 
states are Hadamard states. 



^Quasifree states are states completely described by its two-point function. See section 12.21 
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It is long known that the expectation value of the renormalized energy density 
of a scalar field in curved spacetime, despite the coherent renormalization it un- 
dergoes, possesses no lower bound |13|. This would give rise to violations of the 
second law of thermodynamics, as well as generate pathological spacetimes (al- 
lowing for time travel). On another hand, if instead of calculating the renormalized 
energy density on a point of spacetime, one smears it with a smooth test function 
of compact support along the worldline of a causal observer, one finds that the 
resulting quantity is not arbitrarily negative. More recently it has been shown that 
this result can be extended to smearing over a timelike submanifold of spacetime. 
These results are known as Quantum Energy Inequalities (QEIs) fl4l[T5l . 

Inspired by these results, Olbermann [1] constructed a state for the field algebra 
on Robertson- Walker spacetime which is invariant under its symmetries (rotations 
on the spatial hypersurface), takes into account the necessity of smearing along a 
timelike submanifold and minimizes the expectation value of the smeared renor- 
malized energy density. Besides, using the adiabatic ansatz as initial condition for 
the scalar field and analyzing the singularity structure of this state, he was able to 
show that this State of Low Energy (SLE) is a Hadamard State. 

In this work, we generalize this construction in two different ways. First, we 
consider spacetimes whose Cauchy surfaces are homogeneous and compact with- 
out boimdary and show how to define symmetric states on these spacetimes. These 
encompass the well known Bianchi spacetimes |T6l. Second, we consider expand- 
ing spacetimes whose Cauchy surfaces have no spatial symmetries - still compact 
without boundary -, and we smear the energy density with respect to geodesic 
observers. We prove that states can be chosen which both minimize the energy 
density and satisfy the Hadamard condition. Besides, it will become clear that the 
latter case generalizes the former one. 

On section ||2j we present the scalar field quantization according to the algebraic 
approach. On section ^ we introduce the original concept of States of Low 
Energy. Finally, on section lUll, we show our generalizations and how they extend 
the original definition. 

2. Scalar Field quantization on Globally Hyperbolic Spacetimes 

2.1. Quantized scalar field. 

Globally Hyperbolic spacetimes M are spacetimes that admit a foliation into 
nonintersecting spatial hypersurfaces E of codimension 1 such that every inex- 
tendible causal curve intersects each of these hypersurfaces exactly once. They 
have the topological structure A1 = IR ® E. For any subset S c E one can define its 
Domain of Dependence D(S) as the set of points p e M such that every inextendible 
causal curve through p intersects S. Clearly, D{L) = M. The determination of the 
solution of the equations of motion on S fixes uniquely the field configuration at 
any point of spacetime contained in D(S) [7]. 

It is well known |9| that the wave equation of a massive scalar field on such 
a spacetime admits unique retarded and advanced fundamental solutions, which 
are maps E=^ : C^{M) C°{M), such that, for / e C^{M) -. D(M), 

(1) (□ + m2)E=^/ = E=^(n + m2)/ = / 

and 

supp(EV) c r(supp/) . 

The functions / e !D{M) are called test functions, and P := a + will denote the 
differential operator. From the fundamental solutions, one defines the advanced- 
minus-retarded-operator E := E~ - E"^ as a map E : C^(A1) D'{M), D'{M) being 



STATES OF LOW ENERGY ON HOMOGENEOUS AND INHOMOGENEOUS, EXPANDING SPACETIMES 3 



the space of distributions in Ai. Using E, we define the hermitean form 

(2) o{f, g) = -j ^/(x)(Eg)(x) = -E{f, g) . 

The symbols satisfying 

(3) P0(f) = O{Pf) = Q 

and the following properties: 

(i) O is a linear operator over the field of complex numbers; 

(ii) 0(7) = 0(/)*; 

(iii) [*&(/), <l'(g^)] = -io{f,g)l, where [■, ■] is the commutator and 1 is the imit 
element, 

generate an algebra the CCK-algebra. From ^ it is immediate to see that, for 
different test functions f,h,ke D{M) such that f -h = Pk, $(/) = <5(/z). Therefore, 
the space of test functions can be replaced by the quotient space £)(Al)/RanP =: 
K(Aljj. The pair (Re(K(Al)), a) forms a symplectic vector space. 

As a solution to l|3]l, the symbol is a functional over test functions f{x), 



0{f) = j dS^<|)(x)/(x), 



where <p{x) is a distribution. The functional will be called field functional, and the 
distribution (p{x), simply field. 

This algebra does not have a norm. To get a normed algebra we first restrict 
our attention to the space of real valued test functions Re(£)(A1)), on which the 
symplectic form becomes a real symplectic form. Now, we define the symbols 
W{f), for f,g e Re{V{M)), with the properties 

(I) W(0) = 1; 
(II) W{-f) = WifT; 

(III) W{f)W{g) = e-''¥w{f + g). 

These symbols generate the Weyl algebra W (Re(K(A1)), a). 

The Weyl algebra admits the norm (for / e Re(K(yV()), A, e C) 

n n 

(4) l|A||i = ||2^A,W(/;)||i = 2]^|A,|i. 

1=1 1=1 

This norm clearly satisfies ||AB||i < ||A||i||B||i and ||A*||i = ||A||i. A new norm can be 
defined from this one. Let 

(5) a„ :HI(A*A)2"|ir" . 

This is a sequence of monotonically decreasing positive numbers. That this se- 
quence is bounded is obvious from 

||(A*A)2" llf = ||(A*A) . . . (A*A)||f ^ ( ||A||2 . . . ||A||2 )' = ||A||i . 

2" terms 2" terms 

Now, we define 

(6) IIAII := lim «„ . 



By RanP is meant the range of the operator P, that is, the elements / e !D{M) such that f = Ph for 
some e D{M). 
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The proof that the norm ||6ll is a C*-norm, that is, ||A*A|| - is very simple: 
IIAMII = lim||(A*AAM)2"||f"'"' = lim||(A*A)2""||f"'"' = lim||(A*A)2""||f'""'" 

(7) =lim(||(A*Ariir^'f = ||A||2 □ 



The last equality stems from the fact that, since a„ is a sequence of boimded positive 
numbers, so is lim„^o<, flu bounded, and it is straightforward to show that, in this 
case, lim„^o<,(fl;j)^ = (lim„^oo fln)^- Completing the algebra with respect to this 
norm, W becomes a unital C*-algebra. 

Dimock [17 \ showed that the CCR-algebra can equivalently be constructed using 
the initial value fields, by setting (p - E/ and i/^ - Eg, / and g test functions: one 
defines the restriction operators po ■ (p ^ (pii. ='■ (po and pi : (p t-^ {dnp)ii. ='■ pi 
(and similarly for p), where d,, is the derivative in the direction of the vector n, 
normal to E. The new space of functions is given by 

(8) L(E) = {{Po,pi) e C^{L) ® C°°(E)} , 
and the symplectic form, 

(9) oif, g) = -j^ ^J\^\ {Po{x)pi{x) - po{x)pi{x)) . 

(|9j does not dependend on the Cauchy surface at which it is calculated. The 
mapping : K ^ L , p (pi, p2) is an isomorphism that preserves the symplectic 
form. 

This whole construction takes a very familiar form if we consider GlobalUy 
Hyperbolic spacetimes with metric of the form (on the following, x denotes the 
spatial coordinates of a point on the manifold) 

(10) ds^ = - c{tfhij{x)dx'dx' . 

Later on we will discuss how general is this form. We will call such of spacetimes 
Expanding Spacetimes. Here, c(f) is a positive function of time, the so called scale 
factor, and /z,y(x) is the metric on the Riemannian hypersurfaces. The Klein-Gordon 
equation for a scalar field p{t, x) assumes, then, the form (to be understood as the 
distributional kernel of ^) 



(11) ldj + 3-^^d,-^+m^pit,x)^0. 



.2 . 3^3^ _ ^ 

C{t) C(f)2 

If the Riemannian hypersurfaces are compact - which will be the case in the 
problems treated below - the Laplace operator A;, is a self-adjoint operator whose 
eigenvalues form a discrete spectrum I18J and, as such, its eigenfimctions form a 
complete orthonormal basis of L^(E). 

Y^Yj{x)Yj{y) = {\h\r'f^5{x-y) 

i 

(12) J dh^/\h\Yj{x)Yl{x) = ^jl. 
The field can then be expanded in this basis, 

(13) Pit, x) = Y^ (TjitiYjix) + fj{t)Yj{x)) , 

i 

and A;, operating on an eigenf unction, gives 

(14) AhYjix) = -AjYjix) . 



STATES OF LOW ENERGY ON HOMOGENEOUS AND INHOMOGENEOUS, EXPANDING SPACETIMES 5 



Therefore, (|TT] | becomes 

(15) ('^^'P'-^2--^fm = 0. 
To simplify following equations, we define the "frequency" 

(16) a;^(0:=^+m^ 

We can choose initial conditions such that 

[cPo{0,x),cPoiO,y)] = and [(|)o(0,x),c/)i(0,y)] = i{\h\r^'^6ix-y) . 
Taking this and iV2i into account, 

(17) tj{t)fj{t) - Tj{t)fj(t) = ^ , 

where the left-hand side is the Wronskian, what means that the solutions to ( flSl 
are complex distributions, and Tj{t), Tj(t) are linearly independent. 

Since the differential operator of equation ifTSll is a linear, symmetric, second 
order operator, its solutions can be written as 

(18) Tj{t)^ajSj{t) + p;Sj{t), 

for Sj{t) also a solution to dlSl l, satisfying iflTll . The parameters aj and jSy are then 
subject to 

(19) la/ - 1/3/ = 1 . 

The solutions to equation i fTSl l have only two degrees of freedom. Taking into 
account the absolute values and phases of aj and fij, subject to lO, there is still 
one degree left to our choice. Throughout this paper, we choose jSy to be a real 
parameter. 

2.2. States and the Hadamard condition. 

States CO are functionals over the algebra jF{Ai), with the following properties: 
Linearity: co{aA + jSB) = aa){A) + /3aj(B), a, jS e C, A, B e ^(Al); 
Positive-semidefiniteness: cl>{A*A) > 0; 
Normalization: a;(l) = 1. 

The n-point functions of o) are defined as 

wt\fi®...^f„) :=aWi)... $(/„)). 

Linearity extends to the higher point functions, i.e., w;'"' : ^ C is linear in each 
of its arguments. In the present work we will focus on states which are completely 
described by its two-point fimction, the so called Quasifree States. All odd point 
fimctions vanish identically and the higher even point functions can be written as 

n 

W^^''\h ® ■ • ■ ® fin) = YA\ ^^''(/PW' fp(k+n)) , 
V k=l 

where iw^^"' is the 2n-point function associated to the state co, (fp(k), fj,(k+n)) - 
oo{fj,(k), fp(k+n)) and the sum runs over all permutations of {!,..., n] which satisfy 
p(l) < . . . < p{n) and p{k) < p{k + n). We call a state pure if it is not a convex 
combination of two distinct states, i.e., 

Jwi, C02 functionals over A e (0, 1) | a; = Acoi + (1 - A)co2 . 

The existence of representations of the fields as operators on a certain Hilbert 
space is achieved by means of the GNS construction: given an algebra and a pure. 
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positive linear functional on this algebra - one may start with a positive semi- 
definite functional and take the quotient of the algebra by the left ideal given 
by 

there is, associated to this functional co, a unique irreducible representation (J^, Ua,), 
consisting of a Hilbert space J/^ai and a representation rCa, of the algebra ^ as oper- 
ators on this Hilbert space. Also, 30 e ^ such that, VF e ^, w(F) = (Q|7T„(f )P)/ 
and Q is a cyclic vector in . 

The physically meaningful states are the Hadamard states, which are charac- 
terized by their singularity structure in cotangent space. This characterization is 
reminiscent of the spectral condition on Minkowski spacetime. It is also known that 
the expectation value of the energy-momentum tensor on these states has a sensible 
renormalization iSHZl. After 1 19 1, the definition of Hadamard states has been given 
in terms of the Wavefront set WF of the two-point distribution corresponding to 
the state 1 20 1 . The advantage of this approach is that the WF is a geometrical object, 
therefore the location of singularities can be coherently analyzed, even in curved 
spacetimes. Besides, it permits the incorporation of interacting field theories in the 
algebraic approach [2 , 3 , 4 1 . We will present this definition now. 

Let I' be a distribution of compact support, v e £'(]R"). If VJV e No , 3Cn e 1R+ 
such that 

(20) |i)(ic)KCN(l + |fc|)-^ ,/ce]R«, 

then I? is in C^(]R"). Accordingly, the singular support singsupp v is defined as the 
set of points having no neighborhood where v is in C°° . Besides, we define the cone 
L(d) as the set of points k e ]R"\{0} having no conic neighborhood V such that | |20l l 
is valid when k e V. 

For a general distribution u e D'{X), X and open set in R", and (p e C^(X), 
(p{x) + 0, we define 

:=pZ((/)M). 

Definition 2.2.1. J/m e f (X), then we call the Wavefront set ofu the closed subset of 
X X (]R"\{0}) defined by 

WF{u) = {{x,k) eXx {M"\{0])\k e L^{u)] . 

On a manifold, the WF is a subset of the cotangent space. 

Definition 2.2.2. A state cu is said to be a Hadamard state if its two-point distribution C02 
has the following Wavefront set: 

(21) WF{oj2) = {{x,,h;x2,-k2)\{xi,ki) e 7:;,A1\{0}; (xi,fci) ~ {X2,k2);h e V^] 

ivhere (xi, ki) ~ {x2, ^2) means that there is a nidi geodesic connecting xi and X2, k\ is the 
cotangent vector to this geodesic at x\ and k2, its parallel transport, along this geodesic, at 
and X2- V+ is the closed forward light cone ofT^^M. 

One useful property of WF, which will be used later, is that, for two distributions 

and i/), 

(22) WF{(p + WF{(p) U WF{ip) , 

and equality holds if the WF of one of the distributions is empty, i.e., if one of 
them is smooth. 
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2.3. Quasifree states on Homogeneous spacetimes. 

The spatial hypersurfaces are Riemannian submanifolds, and we will now 
present the definition of homogeneity on them. 

Definition 2.3.1. Let Gbea group of isometries from the Riemannian manifold E to itself, 
i.e., g e G is a dijfeomorphism from E to itself and Wg e G, g*h = h, where h is the metric 
on Z. If for every pair of points p,q & Z, 3^' e G such that g'p = q, then the group G ;s 
said to act transitively on E. A Riemannian manifold with a transitive group of isometries 
is called homogeneous [18|. 

The action of the group G as a group of isometries on a point {t,x) e At is 
g{t, x) = (f, gx), where t e ]R and x e E. Besides, it commutes with the mapping 
E : C^{M) — > D'{M), so it acts as a group of Bogolubov transformations on the 
phase space and induces a group of automorphisms of the CCR-algebra and of the 
Weyl algebra. A quasifree state co is said to be symmetric if co o a^, - co. G has a 
unitary representation Lf ® Lf on L^(E) ® L^(E), given by U{g)f = f ° g~^, such that 

(23) c^g(m) = '^^f°s-')- 

A generalized Fourier transformation can be defined: 

(24) f{j) := (Yj,f\^ = j d'x^|mYj{x)f{x) . 

The riemannian metric on E induces a scalar product on L. Working with the 
initial value fields, f = (Fo,f i) = (polE/, PiW) and Q = (Qo, Qi) = {po^q, pi'Eq), we 
have 

(25) (F, Q) = J d^x ^/\h\ (FqQo + Fi Qi) . 

By letting the laplacian act componentwise, we define the norms ||-||v by 

(26) ||F||2 := (f, (-A„ + m^f'F) , v e No , 

and require joint continuity of if^,^ : L ® L ^ C with respect to this topology. This 
means that there is an integer v and a constant C > such that 

(27) \ivfl{F,Q)\^C\\FUQ\k,. 

Completing L in the norm \\-\\y, we obtain a Hilbert space Jt^. By the Riesz Repre- 
sentation Theorem, there is a bounded operator S on J^, such that 

(28) w^^I{F,Q) = {f,SQI . 

The action of G on L is isometric for each of the norms |H|v. Therefore, symme- 
try of the state cog amounts to the requirement that S commutes with the action 
of the group G, whence the operator S decomposes diagonally on the base of 
eigenfunctions of the laplacian. Hence, 

(29) io'^^UF,Q) = Y,iFij),^m, 

i 

where 

(30) (F{j), S(Q)(;)) = hi) (S(Q))^ (;) ■ 
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In this form, the positivity and commutator conditions can be easily analyzed. 
First, we decompose the two-point function in its symmetric and antisymmetric 
parts: 

(31) S(Q)(;)) = Y,(Fii)' S(Q)s(/)) + Yj<^{i), S(QL(/)) • 
/ / i 

The antisymmetric part must be equal to the symplectic form, 

(32) Yj(F(j), ^{QUi)) = ^jd'x^|ih\ (FoQi - FiQo) . 

With the normalization and completeness fulfilled by the eigenfunctions of the 
laplacian (121 , we find 

(33) i^iHUim)- 

The positivity condition is expressed by 

(34) {F(i),^{Q){j))>0. 

Such an operator is represented, for example, by the matrix 

.35^ / \pii)\'_ -cHto)rij)W) ] 

where p and r are polynomially boimded, measurable, and must satisfy 



1 



(36) p{Mi)-r{Mi) ^3^^^^ 

The matrix is then written as 



(37) S(;) = | ^J'^' 



Soo(;) Slij) \ / 1 
So^iO') Sii(;) j I 



where is a real function of /. Let the first matrix be named Si . The positivity 
condition is now 

det(Si) > \ . 

The state is pure if 

(38) det(Si) = \ . 

Liiders and Roberts fill have shown that the two point function of these states 
is given by 

(39) w^^lix, x') = ^ fj{t)Tj(t')Yj(xjYj(x:) . 

i 

2.4. Quasifree states on Expanding Spacetimes. 

The discussion about symmetric states becomes meaningless once the space- 
times which we are going to deal with have no spatial symmetries, but the GNS 
construction presented in section (|2.2t still provides us states whose two-point 
fimctions can be written as in ||39] |. 

Given the state o) and the corresponding cyclic vector O e we will expand 
the representation of the field in terms of the operator a, such that 

fl|Q) = , 

and its adjoint . 
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On a general Globally Hyperbolic spacetime, coordinates can always be chosen 
such that the metric takes the form j21] 

(40) ds^ = df - hijit, x)dx'dx' , 

but the Klein-Gordon equation arising from such a metric is not, in general, sepa- 
rable. We make here a further assumption, namely that the metric on the spatial 
hypersurfaces can be written in the following form: 

(41) h,j{t,x) = c{t)\j{x) , 

that is, we restrict to those spacetimes which we named Expanding Spacetimes. 
Under this condition, the KG equation separates as in llT4t and i fTSl l, and the field can 
be expressed as (we use the symbol (p to denote both the field and its representation 
on the Hilbert space generated by the GNS construction) 




The operator a and its adjoint also follow the mode decomposition. These operators 
satisfy the usual commutation relations: 

where 6jj' is the Kronecker delta. 

Evaluated on the state |Q), the two-point function of this field operator is (/ and 
q are test functions of compact support) 
(43) 

«^L'^ i^ifm)) = r ^^d*x' ^^^/(f,x)^(s,x:) ^ Tj{t)Tj{s)Yj(x)Yj(^ . 
^ i 

Here we note that this two-point fimction ll43t has the same form as (|39] |. The one 
we presented in this subsection was formulated for general expanding spacetimes, 
therefore it has a wider range of aplicability. 



3. Definition of the States of Low Energy 

The usual definition of vacuum state is a state which is invariant under the 
symmetries of spacetime and minimizes the total energy over a Cauchy surface. A 
general curved spacetime possesses no symmetries. Besides, the expectation value 
of the renormalized energy density evaluated on a Hadamard state in curved 
spacetime can be arbitrarily negative. The QEls provide a way to go around 
the latter problem. With this result in the framework of algebraic quantum field 
theory, the problem of finding an invariant state, on Robertson- Walker spacetime, 
on which the expectation value of the energy density is minimized was tackled 
in 111. Since this will be useful for our generalizations later, the solution will be 
sketched now. 

The energy density measured by an observer with normalized four-velocity 
u''{x) is evaluated from the energy-momentum tensor Tah{x) as 

(44) p{x) = T„i{x)u''{x)u\x) , 

where Tab{x) is the usual energy-momentum tensor of the scalar field 



1 1 

(45) Tah{x) = d„(p(x)dtct){x) - -gab{x)d'(j){x)dc(j){x) + -ga,{x)m^(p{xf 
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Adopting an orthonormal frame u",, such that = u" and performing a point- 
spHtting procedure, we obtain the regularized energy density 

1 ^ 1 

(46) p{x,x') ^-Y^ vlXx)'^,\,cp{x)vl{x')Wbl^cp{x') + -m^(p{x)cp{x') . 

,,=0 

Its expectation value on a state co is 

(47) {f"SUx,x')^ 

The renormalized energy density is encountered by subtracting from this expres- 
sion the expectation value of the energy density on a reference Hadamard state 

(48) <r™)„ = (f'S)^, - <t'-^^?)„„ . 

The pull-back of the distribution {T''''S)a,ix,x') on A1 X At to a causal curve is 
again a distribution, {T''''^)a]{t, t'), on R^. If one smears this quantity with a smooth 
test function along a timelike curve, one finds, for any state a> chosen, that 

(49) f df/2(f)lim<tjfw«M*L(f,r)>-cx,. 

This means that the expectation value of the renormalized energy density on a 
general Hadamard state, smeared with a smooth test function along a timelike 
curve, is a lower boimded quantity fl4l. (that the smearing is performed with the 
square of a test function is a technical point). The renormalization counterterms 
amount to purely geometrical terms (7l|22l. Since these are state independent, they 
turn out to be irrelevant for the determination of the state of low energy. Therefore, 
they will not be written in the following. 

Now, we can restrict our discussion to the Robertson-Walker spacetime and 
present the original definition of a SLE. Since this spacetime is homogeneous and 
isotropic, the energy density depends neither on spatial position nor on direction. 
Therefore, we can choose an observer with four-velocity u" = 6"^. The mode 
decomposition of the field allows us to perform the minimization for each mode 
independently. So, we calculat^ 

E= f di/2(0<t-"L(0 
Jr 

(50) " X"^^^'^^^ ^ ^ ^i^^^'^^'^^^'' " ■ • -1 

where the terms referring to <T"'^)a,(, have been ommited. Since the minimization 
is going to be performed mode by mode, the ommited terms will amount to a 
subtracted quantity for each mode, and neither this influences the determination 
of the state of low energy Formally, we can write 

(51) £ dtf{t){r^o^)a, (t) = £ dtfit) ^ i [\tj{tf + a,p)\Tj{tf] =: Ej . 

As this expression is divergent, it must be seen as a formal expression. The 
integrand, though, is not, and we will now concentrate on it. Following the 
remarks on this paragraph, when we say that the smeared energy density on the 
state CO will be minimized, we really mean that the smeared renormalized energy 



1 1 

-2]^i;;,(x)V„Li;;',(x')V,|,, + -m2 



TO 



(2) 



(x, x') 



'The case of null spatial curvature is trivial. For non-null spatial curvature, see llOlllll . 
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density on the state co will be minimized. These remarks are also valid for the 
generalizations of the states of low energy we will present below, hence we will 
consider the generalizations of equation l ISTIl as our starting point. 

As we saw in section (|2]|, the solutions to equation dlSl l have two degrees of 
freedom, which will be explored now. Using l ITSt and | [T9l l, we have 

|fy(f)|' = (1 + 2[i^)\Sj{tf + 2[ijRe{aj{Sj{t)f) 

(52) \Tj{tf = (1 + 2[^^)\Sj{tf + 2fijRe{aj{Sj{t)f) . 
Therefore, 

^i = lj /2(i) [(1 + 2/^2) (|s^.(f)|2 + cvp)\Sj{tf) 

+2PjRe{aj{{Sj{t)f + co]{t)Sj{tf))] 

(53) = (1 + 2^^)cy + 2^jRe{ajC2j) 
where 

(54) c,j = i J dtf(t) (\Sj{tf + cvj{t)\Sj{tf) 

(55) C2, = dtfit) ({Sj(t)f + cv^t)Sj{tf) . 
It is easy to see that, choosing 

(56) fij 



- - and a I - e ' 



Clj 1 
^2 



and 

(57) dj = -ArgC2; + 71 , 

we minimize (|53l l. The fact that the minimization consists of a choice of the 
Bogoliubov parameters is what allows us to neglect the renormalization correction 
terms right from the beginning. The proof that this state is of the Hadamard form 
will be left for the next sections, where it will be done together with the proofs for 
the generalizations of this state. 

The only requirements in the construction of this state are invariance under 
spacetime symmetries (we will show later how this can be extended for spacetimes 
without symmetries), minimization of the energy density and that it takes into 
account that it is necessary to smear the energy density along a timelike curve to 
obtain a lower bounded quantity. 

We also remark that the SLE is dependent on the test function used in the smear- 
ing. This dependence would only be dropped if the terms between parentheses 
in equations | [54l l and | |55l l could be taken out of the integrals, and this would be 
the case if and only if c{t) - constant, and in such a case we would have C2j = 
and the SLE would reduce to the vacuum of static Robertson-Walker spacetime. In 
spite of that, Degner |23| calculated the particle production process in states of low 
energy on Robertson- Walker spacetimes and showed that the rate of production is 
not strongly dependent on the test function chosen. 

4. Generalization of States of Low Energy 

We present here the generalization of the definition of States of Low Energy. We 
will construct the generalization to Expanding spacetimes without spatial sym- 
metries, but with compact Cauchy surface without boundary. We show that the 
construction on homogeneous spacetimes is a particular case of the one presented 
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in this section. The constructions follow the same lines as presented above, but 
there are different technical points. 

Since there are no spatial symmetries, the energy density is dependent on po- 
sition. Therefore we will smear it over a timelike hypersurface, rather than along 
a timelike curve. Also, as will be made clear below, the Bogolubov parameters 
would not be constant if the smearing were performed only along a timelike curve. 
The observers will be chosen to be a family of geodesic observers which are ev- 
erywhere orthogonal to the Cauchy hypersurfaces. This means that for every such 
observer, its four velocity y is orthogonal to every vector X e 7"pE, for every point 
p in E. 



In the coordinate system we have chosen, at which the metric takes the form dlOl l, 
the ortogonality condition, | |58l l, becomes 



We will start from the two-point function | |43] l to construct the SLE. After that, 
it will remain to prove that it is a Hadamard state (the proof given below will also 
encompass the above cases). To achieve this aim, we will compare the singularity 
structure of the SLE to that of Adiabatic States. On a Globally Hyperbolic spacetime 
without spatial symmetries, the Adiabatic States are only defined and shown to 
be a Hadamard state if the spatial hypersurfaces are compact ll2l . We will then 
restrict our analysis to these spacetimes. This will allow us, on the following, to 
consider the test functions as being functions of time only, what is equivalent to 
writing, for a general test function, f(t,x) = ft{t)fx{x) and assume fx{x) s 1 on the 
hypersurface. 

Although expressing the energy density in the form ll47t is more suitable for 
geometrical considerations, it will be easier to see the results if we rewrite it in the 
form 



By doing the same Bogolubov transformation as above (equation iflSll ), zv j{x, x') 
becomes 





(62) {r'S)^,{x, x') = [nx)W„\,f{x')Wt\,' - iv^l.V,!,, + im^l zv^^\x, x') . 



w, 



CO 



,(2) 



{x,x') = YJS^ + li])Si{t)Sjis) + fi]Sj{t)Sjis) 



i 



(63) 



+2/3, ^/TT^Re (e'^'S;(OS,(s))] Y,(x)Y,(x:) 




(64) {f''S)^,^{x, x') := [/(x)V„Ly"(x')Vf,L, - + ^m^j ^(2)(^^ 
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and inserting ( |63t into IMb , we get 

<t-^)„,(t,x) = 

i(l + Ifi]) [\Siitf\Yjixf + \Sj{tf{c{trV(x)V,Yj{x)V,Yj{x) + m^\Yj(xf)] 
+ ^/TT^Re \e''i [(Sj{t)f \Yj{xf 
(65) + (Sj{t)f (c(t)-^}i^\x)V,Yj{x)y{Yj{x) + m^\Yj(x)\^) 



It is clear from this equation that, if the energy density is not smeared also 
in space, the parameters fij and dj might not be constants. The smeared energy 
density is now 

(66) Yj [ '^^Z'^^) r dhyl\h\{f"%{t,x) = Y^Ej . 

Since the spatial hypersurfaces are compact without boundary, we calculate 

1 d^xVi/ii/!*'(x)V;cYy(x)V,Yy(£) = - ( d^x Vi^ Y/x)A,,Yy(x) 
Je Je 

(67) =Aj ^^d'x^\\Yj(xt = Aj. 
Therefore, 

Ej = {1+ 2/^2)1 J At fit) (\Sj{t)\^ + ojj(t)\Sj{t)\^) 

(68) + 2/3, ^/rr^^Re J dtf{t) ({Sj{t))' + cop)S0)^ , 

and the energy density is, again, minimized by choosing the Bogolubov parameters 
as (|56l l, where cij and C2j are the same as | |54t and | |55l l, and dj given by dSTl l. We 

(2) 

will refer to these states of low energy as cosle, arid their two-point function, loj^^^- 
This state is different from the former one because here we minimize the mean 
value of the energy density over a timelike slab of spacetime (containing entirely 
a Cauchy hypersurface and extended in time). Besides, the treatment given here 
does not depend on the occurrence of spatial symmetries. We also note that, had 
we chosen an arbitrary causal observer, would the energy density contain terms 
of the form y''y'Vo|j:V;|j:'a;^'(x,x'), which could spoil the positivity of (|54l l, thus 
compromising the minimization of the energy density. Even in the homogeneous, 
but anisotropic case, would such a term lead to this problem. 

5. Fulfillment of the Hadamard condition by the SLE 

It still remains to show that the SLE are Hadamard states. For this purpose, we 
will use the concept of Adiabatic states, which will give us an explicit ansatz for 
Tj{t) and are known to be Hadamard states. For this last statement a refinement 
on the definition of Wavefront sets will be required. 

5.1. Adiabatic States. 

Adiabatic states were introduced long ago |10| with the purpose of analyzing 
particle production on curved spacetimes. But this discussion is only meaningful 
for asymptotically flat spacetimes, for only then (as in scattering) one has - in the 
infrared region - asymptotic freedom and is able to define a vacuum state and 
interpret particles as excitations over this state (actually, also invariance under 
the symmetries of spacetime is required, for a precise definition of vacuum state). 
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Under these circumstances, the adiabatic states were formulated as those states 
which minimize the particle production. 

On another hand, this definition was mathematically ill-defined, because it was 
based on an iteration procedure which, in general, does not converge. Only much 
later it was shown that, under some restrictions, this problem can be solved, and 
the physical properties of this state were clarified [111. The comparison between 
Adiabatic states and Hadamard states is more delicate. It requires a refinement of 
the notion of Wavefront set. We present this notion now l24ll . 

Definition 5.1.1. For s e R, ^(IR") is the set of tempered distributions such that u is 
locally square integrable and (1 + \k^yu e L^(]R"), i.e., 



The spaces ff(]R") have the following properties: 

(i) If s > / + nil, then H'{W) c C'(]R"), for n e No; 

(ii) ff(]R") cff'CR") Vs > s'; 

(iii) H^(]R") is closed under multiplication by smooth functions. 

The distribution u e D'{W) is said to be microlocally H' at (x, fc) e ]R" x (]R"\{0}) 
if there exists a conic neighborhood V oik and e C||5°(]R"), (p{x) + 0, such that 



Definition 5.1.2. The Sobolev Wavefront set Wf* of a distribution u e !D'{M") is the 
complement, in 7'*R"\{0), of the set of all pairs {x, k) at which u is microlocally . 

So far the Sobolev Wavefront set (and also the smooth Wavefront set, defined in 
subsection | |2.2|| ) is only defined for distributions on R", hence the Fourier transfor- 
mation indicated in Definition l IS.l.ll l (also 1 12.2. It ) means convolution with plane 
waves, e*-^, not with a general eigenfunction of the laplacian. Junker and Schrohe 
IIT2I observed that this definition can be extended to distributions defined on a 
compact manifold without boundary E as follows: We choose on E a covering by 
coordinate neighborhoods with coordinate maps {'tlk, Kk]k=i,...,K with a subordinate 
partition of unity {(p/t}j^=i Given a distribution u on E, we shall say that u e H^(L) 
if, for each k, the push-forward of (pkU under Kk is an element of (R"). Also, they 
observed that, denoting by A;, the Laplace-Beltrami operator with respect to the 
metric h on E, we have 



for A: e N. They went further and also showed that for any paracompact smooth 
manifold Ai the Sobolev Wavefront set of a distribution defined on it is a subset of 
T'MWO]. Besides, they proved the following Lemma: 

Lemma 5.1.1. For every Hadamard state a>H we have 



The Adiabatic states are formulated iteratively (see below). For the N-th order 
of iteration. Junker and Schrohe defined the Adiabatic states co^ by their singularity 
structure: 

Definition 5.1.3. A quasifree state wjv on the Weyl algebra If (Re(K(Al)), a) is an Adia- 
batic State of order Nif'is<N + 3/2, 





00 



H^^L) = [u e l2(E); (1 - A)hi e L^' 



(69) 




(70) 



WF{w^fj = C 
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Comparing this last with Lemma < |5.1.1| |, we have that 
(71) WP{w'^l-w'-^J = % , Vs<]V + 3/2. 

Jimker and Schrohe showed that, on Robertson- Walker spacetimes and on space- 
times with compact Cauchy hypersurfaces, the explicit construction given in IITll 
satisfies the WF'^ condition. This fact was used by Olbermann 1 1 1 to show that 
the SLE is a Hadamard state. We now quote the analysis of adiabatic states given 
in irm (with some changes in notation), and note that this result is valid for any 
spacetime on which the metric decomposes as i fTOt and the Klein Gordon equation, 
aslUnil. 

The adiabatic solution is of the WKB form 



(72) 



Wy(x") 



,0x _ 



: exp I 



^2Oy(x0)c(x0) 
It satisfies automatically ((TtIi . i fTSl l is also satisfied if 



df'Q^r) 



(73) 



2 



3c 
2c 



3(0,)2 



4(0,)2 



2Q" 



One attempts to solve this equation iteratively: 



(0) 



(74) 



3, 3(Of')2 
— + 



4c2 2c ■ 4(q(«))2 2Q' 



(n) 



(«) 



I ' I 

These expressions will be taken as only determining the initial conditions of the 
solutions to the field equation, because there can be values of / and for which the 
right hand side of (|74)l is negative. We will make considerations on the convergence 
of this iteration below. So, let S'^"\t) be a solution, having initial values 



(75) 

It can be shown that 



sf\to) = Wf (fo) . 



(76) 

where 

(77) 
(78) 
(79) 



An) 



7(«), 



(0 = 



Cf(f) = 



R = 



1 - df R{t') gfit') + ^f\t') exp |-2/ J dt" Clf\t")^ 
^ dt' R{t') <^J"\i') + cj"'(f') exp ^2i J dt" d"\t" 



4(Oy)2 IClj 



2 3c 
4c2 "^2c" 



To determine the behavior of this solution, we must analyze its dependence on 
Aj. Instead of verifying the convergence of | |74)| for an arbitrary time interval, we 
will restrict ourselves to a finite interval i C ]R. The fact that, for sufficiently large, 
the iteration converges, can be presented in the following Lemma: 

Lemma 5.1.2. Let I (zE.be a closed interval. Then, for each n e No, there is a Xn{I) ^ 
such that, setting 

R„(J) := [{Aj,x°):x°eI;Aj>Xn{I)] , 
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Q'"' is strictly positive on R„{I) and Q^''^ and all its derivatives with respect to time are 
continuous on R„{I). Furthermore, there are constants A, B > such that 

A(l + ^ qJ"\x°) < B(l + A;)i/2 ^ (Ay,xO)eR„(/). 
Besides, writing 

(Qf)^ = (0^)2(1 + £„) 

and defining the space J'n such that, for every given function f{Aj, t), t e I, f e Sn{i) 
means that exist constants c,„ > 0, m = 0, 1, 2, . . ., and b > such that 



\f'"HAj,t)\^c,„A'J , tel , Aj>b. 



Then, qJ"' e J1/2 and e„ e jr_„. 
Proof It is immediate to see that (Qy°')^ e Ji and (Oj^V^ ^ therefore 



i i 



Taking n = in l|74|l , one has 



{nffil + ei) ~ Aj :. {nffe, e Jo :. £1 e JT-i ■ 

To generalize this result for all n, we need some relations: FromOj"^ = oj""^^ Vl + £« 
follows 



(80) 



I _ I £11 _ I , i V ^> 

q(«) " q(«-i) 2(1 + £„) - o(0) 2 fY (1 + ' 

4 q(0) (! + £„) 81 + £„4-- (1 + eO 



1 

-»(0) TT'^ 



c!rnr=i(i + £,) 



(81) +^ ^ ^" 



16(l + e„)2 4(l + e„) 

Supposing that £„ e it is clear from l ISTl l that e„+i e JT-n-i- 

Then, (qJ"')2 = (Q;"-i')2(1 + £„) gives qJ") g Jri2. □ 

From Lemma II5.1.21 and ll72)l , it is clear that 

(82) |Wy|eJ'_i/4 and e J-1/4 . 
From ^ and l|7lll, taking Q as Q<"), 

(83) R(") = i(C!("')-i ((Q("')2 - (Q(«^i))2) = -io(")£„^i .-. e J.n-m ■ 

The behavior of c;j{t) and (5y(t) can be analyzed by rewriting equations ((77|l and dTSl l 
in matrix notation. Let x = 



(84) X = 1/ + Rx , 

where 1/ = (j',), (Rx)(f) = j^^ df R(f )x(f ) andR(f ) is the 2x2 matrix derived from (|77l l 



and | [78l l. The solution to equation | |84l l can be found using standard Volterra-Lotka 
methods, and it was presented in appendix B of [11]. We just quote the result: 
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Let I c M be a closed interval. e /, 3C^, Q > such that 

mt)\ < Q(l + A;)-»-l/2 , 

(85) |l-C;(f)KQ(l + A;)-«-i^^ 

Now we will show that, under compatible conditions, WF^{w]^,!.^^ - iv]^/^) - 111 and, 
by the property (|22] l, which is also valid for WF", we will have WF'^ {iv'-^l^^ - K'^^) = 0- 
The analysis of the asymptotic behavior of the time-dependent part of the states of 
low energy presented next follows directly from (T\, again with some changes in 
notation. 

5.2. Fulfillment of conditions. 

From llZlll, lHUl and 

(86) df^sfit) = 0{A'/'-'^') . 

This characterizes almost completely the adiabatic state (the dependence of Yy(x) 
and its derivatives will be presented later). 

The SLE is given by ||63] |, where fij, cij and C2j are given by (|56] |, l l54l l and jSSll , 
respectively. Since Ciy > C2y, 



1 |C2;P 1 \C2j\' 



+ ... 



From (|54l l and | [86l l, it is immediate to see that 

(88) ci; e . 

The analysis of the behavior of Ci/ is more involved. S^"\t) can be written as (we 
will omit the indices) 

S = |W| (ce'/" + .££-' i^") .-. 

(S)2 = (cV/" + + 2c£) 

+ [(e + zO<;)2e2'7" + - z04)2e-2'7" + 2(c + fQe)(.£ - zO^)] 

(89) + 2|W||W| (ce'/" + <5e"'/'^) [(<; + zOc)e'i'" + (4 - fQ.£)e-'i'"] 
The asymptotic behavior of the individual terms is known: 

{Qff = 1 + (C + l)(c - 1) = 1 + 6)(A-2"-i) 

(90) c;"'^;"^ = 6)(A-"-i^') . 

Keeping only the highest order terms (with and without the exponentials, indi- 
vidually), l|90ll, lIHlll and l|55ll give 



(91) c^' = i J Atf\t) (I W;."'(0I' + cv){t)Wf{tt) exp {li J qJ + 0(A-") 

Olbermarm 111 proved the following Lemma, which makes the estimate for C2j 
more precise. 

Lemma 5.2.1. Let P{Aj, t) e J,n{I). For M e N, there is a Cm > such that 



(92) 



J dtf{tfP{Aj,t)exp^iJ^^ dt'Q{t') 



Cm(1 + Aj)-^^'^''^"'. 
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From this Lemma, we see that the first term in | [9Tt can be arbitrarily small, and 
therefore c^"^ = 0{Aj"). Therefore, 

(93) = 0{\-"-^'^) . 

Now we need to impose estimates on the asymptotic behavior of the eigenfunc- 
tions of the laplacian. For that, we quote some theorems that can be found in the 
literature: 

Definition 5.2.1. The intersection index i{L) of E is the supremum of the number of 
intersectionpointsofL with any p-plane transverse to LinW^^P (considering dim{L) = m, 
L immersed in ]R'""^P). 

f(E) = sup#Enn 
n 

Theorem 5.2.1. [25] For every compact m-dimensional immersed submanifold E ofW^'^^ 
and every positive integer], 

'v^/ I .■(2/m) 



(94) / 
where m = dim(E) and c{m) is a constant. 

Theorem 5.2.2. \7S\ Let Lbea compact manifold with or without boundary. Suppose Ay 
is thej-th nonzero eigenvalue on E. Then, there exists a constant a{m) and C > such that 

(95, .,.C(^) 

The spectral function of a elliptic self-adjoint differential operator P on a compact 
manifold E is defined as 

(96) e{x,y,A):^YjYjix)Yj{y), 

where Ay are the eigenvalues, and Yy, the eigenfunctions, of the operator P. Hor- 
mander [27] proves that, if P is a first order self-adjoint, elliptic differential operator, 
and Q is a differential operator of order [i, then the following inequality is valid: 

(97) |Q(e(-,-,A))KCQA'"^'' 

where m is the dimension of Sigma. An extension of this result (281 gives that 

(98) = C,n,kA"'^^^'^ + C)(A"'^2|;c|-i ^ ^ > . 

A,^A 

Combining these results with the theorems, we obtain 

(99) l^'^Y;! = C)(/i+2W/3) . 

Now, we are ready to prove that the SLE are Hadamard states. It is known that 
the adiabatic states con on spacetimes with metric dlOl l and compact Cauchy surface 
are Hadamard states. To show that the SLE are Hadamard, it suffices to show that 

w'^^l-zv'^^leH^iMxM), 

for s < N + 3/2. Besides, 

C'{M X M) c H'{M xM) Vs < / - i dim(M x M) . 
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All that is needed is to show that 

(100) zv'-^l-wfleC'iMxM) 

for some /. 



(101) (<\, - w'-^l){t,i} t',^ = Yj (Tjmin - srV)sf (i')) Y,(x)Y/x:) . 

We will verify the convergence by calculating 

(102) <,,(<\, - = Z [(Tjit)T,{n - Sf V)Sf (f)) Y;(x)Y,(^:) 

From equation ||63] |, 

f,{t)Tj{t') - ^"\t)Sf\t') = (iff \sf\t)^;'\t') + Sf (Osf V) 



(103) 



■ 2fif ^1 + (|S;"')2Re [e"'>sf\t)Sf\t')] . 



From i86i and l l93l l, the last term has the largest order in j. I will only consider this 
term for convergence matters. 

Collecting some results above (l|86ll, l|93j, (|94j, (|95j, (|99j), we have 



(104) 
(105) 

(106) fi'p = Oij-''""-"') 

It is easy to see that the term of largest order in | |102| | is (9j, ^, . 



l^'^YXx)! = C)(7i+2W/3) 

o(n) _ /i/,-2k/3-1/3'. 



4^ 



(107) 



1 2m 1 ^/^ Ik 



^/4fc 2n 4 

^'3 -y^3 



The sum in ||102| | can be estimated by an integral, as if 7 was a continuous parame- 
ter. Since the corresponding continuous cotangent space would be 3 -dimensional, 
the corresponding integral is absolutely convergent if 



(108) 

This means 

(109) 

where 

(110) 

Finally, 

(111) 



4A: 2m 4 ^ , n 13 

T-- + 3<-'-'-'<2-T- 



„(2) 



„(2) 



maxjffi e Z|7n < x} , x > 
0, X < 



n 29 

for s < . 

2 4 



Since n + | > ^ - f , 



(112) 



WP{wf^^-wfh = i!> for s< 



n 29 
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This proves that States of Low Energy on globally hyperbolic spacetimes with 
metric of the form ifTOl l and compact Cauchy surface are Hadamard states. We 
remark that this proof is also valid for the homogeneous spacetime streated above. 

6. Conclusions 

We have constructed Hadamard states on expanding spacetimes without spatial 
symmetries. These states were formulated in such a way that the expectation value 
of the energy density is minimized and this minimal value cannot be arbitrarily 
negative. Further, we have generalized a procedure which relied on the symmetries 
of the spacetime. 

Although this is a more general definition of States of Low Energy than the 
original one, we do not claim that this construction is the most general possible, 
because, generically, the metric on a globally hyperbolic spacetime is of the form 
(|40] |. Our construction still relies on the existence of time independent modes. 
Furthermore, the states are defined for the particular test function chosen for the 
smearing. Although the particle production process in Robertson-Walker space- 
time was shown not to be strongly dependent on it, the complete role played by 
the test function on observational results is not yet well understood. 

At last we remark that, in the absence of spatial symmetries, the energy density 
must be also smeared in space, for it is dependent on spatial position and it makes 
no sense to evaluate it on a particular, arbitrarily chosen, point. 
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